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We study the modification of Newton's second iaw, upto first order in tlie deformation parameter 
a, in tlie K-space-time. We derive the deformed Hamiltonian, expressed in terms of the commutative 
phase space variables, describing the particle moving in a central potential in the K-space-time. Using 
this, we find the modified equations of motion and show that there is an additional force along the 
radial direction. Using Pioneer anomaly data, we set a bond for a. We also analyse the violation of 
equivalence principle predicted by the modified Newton's equation, valid up to first order in a and 
use this also to set an upper bound on a. 
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I. INTRODUCTION 

Noncommutative geometry provides a possible way to capture the space-time structure at the Planck scaled], '2|. 
Particularly, the quantum gravity effects are expected to drastically affect the symmetries of the space-time itself at 
the Planck scale 0,3. It was also argued that the formation of microscopic black holes would naturally introduce 
physical cut-off and thus breaks the Lorentz symmetry 3. Noncommutative geometry, treated as a deformation of 
commutative space-time provides a way of incorporating this cut-off in a natural way. Also, in the limit where the 
noncommutativity parameter is taken to zero, Lorentz symmetry is recovered as we would like to have at large length 
scales. The introduction of fundamental length scale to take into account of the quantum gravity effects breaks the 
Lorentz symmetry in the usual sense, but can be retained using the Hopf algebra approach [5|-l8|. 

The Moyal space-time whose coordinates obey [X^, X"^] = iO^" , where 9'^'^ is a constant and physical models on 
this space-time have been subject of intense investigations in the last couple of vears[9l-[l^. Noncommutative space- 
time with coordinates satisfying a Lie algebra type commutation relation is another class o f sp ace-time that is being 
investigated vigorously. Fuzzy sphere |17| which is being studied with various motivations [18142 ll | is an example for 
this class. The K-deformed space-time whose coordinates obey 

[x\x^]=0,[x°,x']=ax\ia^-) (1) 



is another example for Lie algebraic type noncommutative space-time |22h25| | . K-Minkowski space-time naturally ap- 
pears as the space-time associated with the low energy limit of certain quantum gravity models and the corresponding 
symmetry transformations known to be related to doubly special relativity (DSR) [26'| (a modified relativity principle 
having a fundamental parameter of length dimension in addition to the velocity of light). This led to the study of 
K-space-time and physics on K-space-time in recent times (27l - l47j . bringing out its many interesting aspects. 

Different field theor y m ode l s h ave been constructed on K-space-time recently and various aspects of these models 
have been analysed 



iory moaeis nave ueen constructea on K-space-time recently ana various aspects ot tnese moaeis 
23-l25|. 23-l 4 2 [ . It is known that there are many different proposals for Klein-Gordon equation in 



K-space-time [23-[25, 27 -3C, ^-i^l; all satisfying the criterion of invariance under K-Poincare algebra 

In last couple of years, the implications of noncommutativity, and in particular that of the Hopf algebra structure 
of symmetries of such space-time are being studied (48l - [53l |. Similar studies to unravel the low energy effects of n- 
deformation have been taken up in fs^ - fSTj . The effect of noncommutativity on the classical phase space structure and 
the resulting changes in classical mechanical systems have been studied in [58l - [6^ . 
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The noncommutativity of the coordinates deform the symplectic structure of the phase space. This have conse- 
quences on the dynamics on such noncommutative space-time. Various examples iUuminating this effect have been 
analysed and bounds on noncommutative parameter have been obtained [5§-62]. 

In [H, [5^ , starting with the symplectic structure which is consistent with the Moyal space-time defined by 

{x\x^}^0'^, {^^p,} = <5], te,p,} = 0, (2) 

Hamilton's equations were set up. Note in the above we have used 'hat' to emphasise that the coordinates of phase 
space are those corresponding to the noncommutative space-time. Further, it was assumed in [ssl Isoj that the 
Hamiltonian is of the form 

H = tP+vix). (3) 
2m 

Using Eqns. ©and ([3]), the Hamilton's equation of motion was obtained as 

mx = - — ^ + m.e'-^'^x^VLk + me'^'^Xjilk (4) 
r dr 

where fl, = j%9i and 9^^ = e'^^Ok- 

The last two terms in the above equation are the noncommutative corrections to the Newton's equation. These 
terms are analogue to the inertial force and Coriolis force terms produced by non-uniform rotations[5l,[5^. It is clear 
that these terms break the rotational invariance which can be seen explicitly from the fact that ^ where 

the angular momentum U = me^^^XjXk- But a modified angular momentum Lg was shown to be conserved and also 
generates the rotations in the Moyal space. But in the limit 6* — )■ 0, — >■ 0. It was shown that there exist another 
conserved quantity which in the commutative limit reduces to the familiar angular momentum. 

The effect of the non-inertial terms appearing in Eqn.Q for the orbital motion of planets around the sun have been 
analysed and it was shown that the noncommutativity leads to the shift of perihelion. Using the observational data 
of perihelion of Mercury, a bound on the noncommutative parameter was obtained. 

In |60], starting with assumption of the Hamiltonian in the Moyal space as that in Eqn.Q, equation of motion 
was obtained after mapping the coordinates, momenta and Hamiltonian to corresponding ones in the commutative 
space. Here again, rotational invariance was lost and in the approximation where this violation is negligible, shift in 
the perihelion of Mercury was calculated and used to set a bound on the noncommutative parameter. 

In [6l| , classical dynamics in noncommutative space were analysed by incorporating the effects of noncommutativity 
in the deformation of the symplectic structure as in (ssl. [59j. but for various types of noncommutative space-times. 

In this paper, we study the modification to Newton's second law due to the kappa-deformation, valid upto first 
order in the deformation parameter, a and its consequences on planetary motion. Here, we start with the deformed 
energy-momentum relation, invariant under the K-Poincare transformations and derive the Hamiltonian describing the 
dynamical evolution in the non-relativistic limit. Here, we keep terms up to first order in the deformation parameter. 
Using this, we derive the Hamilton's equation of motion and analyse problem of a particle moving in the central 
potential. Unlike the Moyal space-time, here we find that there is no shift in the perihelion of planets in K-space-time. 
But there is a strikingly new effect in the K-space-time, an additional force along the radial direction. This along 
with the data of Pioneer anomaly set a bound on the deformation parameter and also fix the sign of the deformation 
parameter uniquely. We also show the violation of equivalence principle in the non-relativistic limit of the K-space-time 
and using this also, sets a bound on the deformation parameter. 

In the next section, we briefly summarise the K-space-time, its symmetry algebra and the deformed energy- 
momentum relation in this space-time. In section HI, we present our main results, viz: derivation of the non- 
relativistic, fcappa-deformed Hamiltonian, deformed Hamilton's equation for a particle moving under the influence of 
i potential and effect of K-deformation on orbital parameters. We also discuss the violation of equivalence principle 
here. Our concluding remarks are given in section IV. 



II. K-SPACE-TIME, SYMMETRIES AND DISPERSION RELATION 

In this section we briefly summarise the results of [37l - l42| relevant for the present study. In these papers, a class 
of realisations of the coordinates of the K-space-time in terms of the commutative coordinates and their derivatives 
were obtained. Similar results have been obtained in [23 - I25I . [27l - l36| also where Lie algebraic type space-times and 
fleld theories on such space-times have been analysed. 
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We seek for the realisation of the coordinates of the K-space-time obeying Eqn.(IT])in terms of the commutative 
coordinates and their derivatives, i.e., 

= (5) 

Here 

[x°',x^] = 0, [d°',x^] = r]"^ (6) 

where r]ap — diag(—l, 1, 1, 1). This reahsation defines a unique mapping between the functions of noncommutative 
space-time to the functions on commutative space-time. That is, defining the constant function annihilated by d as 
the vacuum, we get 

F{x^)\0>=F{x). (7) 

where specific realisation of i^, parameterised by ip{see discussion after eqn. (|13p V 

Subject to the conditions 

[9„%] = <5,,^(^), (8) 
[d,,Xo] = iad.a{A), (9) 
[do, x^] = 0, [do, Xo] = ?yoo, (10) 



where A = —iado, we find. 



Using Eqns. fTTlfn)) in Eqn.((T]), we get 



x^^Xi^p{A), (11) 
Xo = xoij{A) + iaXidij{A). (12) 



^^ = j{A)~l (13) 

where ^' = §^ satisfying the boundary conditions (p{0) = l,V-'(0) = 1,7(0) = ^p'{0) + 1 and is finite and ip,ip,j are 
positive functions. The relaisation of x^ for a specific choice of V' will be characterised by ip and we denote this as 
x^, as used in Eqn.(l7]) above. 

Imposing further conditions that the commutators of the Lorentz generators with the coordinates a;^ of K-deformed 
space-time are linear in x^ and the generators themselves, and these commutators have smooth commutative limit, 
lead to just two class of realisations. These are parametrised hy ip = 1 and tp — 1 + 2A. We consider only the former 
realisation in the present work (it is this relaisation with ip = e^"^, related to the K-Poincare algebra in bi-crossproduct 
sapce and thus to DSR). 

For '0 = 1, we find, 

Mij = Xidj - Xjdi, (14) 
Mio = Xidoip^-^^ - xodiif^^ + 'fxiV'^ip^^ ~ iaxkdkdaip^'^. (15) 

It is easy to verify that the Af^i, defined above satisfy Lorentz algebra but do, di do not transform as the components 
of a 4- vector. It is known that the modified derivative operators (defined using the commutative coordinates and their 
derivatives) 

Do = doA-^ sinhA+^-^V'^e-^ip-'^, (16) 
transform like the components of a four-vector (i.e., [M^^, D\\ = rj^\Di, — rj^xD^) and satisfy 

[A,^.] = o,[Av,n] = 0, (17) 

[M^j,, Mxp] = VtJ.pMu\ + TlvxM^p - rjupMpx - Vt^\M^p, (18) 

where 

n = V^e-^ip-^ + 2d'^{l-coshA)A-^. (19) 
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Note that in the above, 



(20) 



where Z = iaD^ + ^/\ + a?DaD^. Using Eqns. (jllll2l [T6|) . M^i, can be expressed in terms of the commutative 
coordinates and their derivatives. 

The and M^y thus define undeformed K-Poincare algebra and the corresponding mass Casimir, D^D^ = m? in 
the momentum space is 



4 • i.2.ai^x 



PiPi 



rri-(? + — 
4 



^ sinh^ ( ^ ) - PiPi -It-eT 



(21) 



where Pi are the momentum components corresponding to the commutative coordinates. 



III. CLASSICAL MECHANICS ON k-DEFORMED SPACE 



In this section, we first derive the Hamiltonian describing the time development of a system in the K-space-time. 
This is obtained by taking the non-relativistic limit of the energy- momentum relation given in Eqn. (1211) and we keep 
terms of only up to order a. Thus the Hamiltonian and hence the equation of motion we get are valid only up to 
the first order in the deformation parameter a. We also make a specific choice for the function (/'(^)i we take 
^p{A) = . With this choice, the dispersion relation in Eqn. ([2T|) becomes that of the K-Poincare algebra in the 
bi-crossproduct basisfi^, ll^, which is known to be related to DSR^. 

From the K-deformed dispersion relation in Eqn. (|2ip , we derive, by a straight forward calculation, the Hamiltonian 
in the non-relativistic limit to be 

H-'—^p-V. (22) 

where we have kept terms up to first order in the deformation parameter a. We emphasise here that the momenta p 
(as well as the coordinates) we use now onwards are the ones in the commutative space-time. 
Using Egns. pnfn]) and Eqn.©, with Lp{A) = e"^, we get 

X(^, Xi->- Xi(p{A), (23) 
= x^Xi Xiip{A)x^ip{A)\0 >= + -rf, (24) 



where r = r{t) = ^XiXi and t" — Using this, we find 

1 1 ar 



\/xiXi r 2cr2 



(25) 



and thus the potential relevant for the central force problem in the K-space-time, valid up to first order in the 
deformation parameter a is 

K Kad fl\ , , 

We note that the a dependent modification to the potential is a total time derivative. 



^ Note that, for '0 = 1 realisation we are interested in here, we have </p'{0) = 1 — 7(j4) which is always a number. Now, for an arbitrary 
choice of ip (satisfying all the consistency conditions), using Taylor series, we have, up to first order in a, ip{A) = 1 + ia^' (0)do- This 
differs from the choice Lp = = 1-1- iaflo only by a numerical factor and hence the general conclusions we arrive at here will be valid, 
independent of our choice for ^pi^A). 
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A. Kepler problem 

From Eqn. (j22p and Eqn. (j26p . wc find the Hamiltonian describing the particle of mass m moving under the influence 
of the central potential to be (valid up to order a) 

(1 ^ acm) ^ ^ Tr / N 

H = ^— '-p-p + V,K{r) 

Zm 

(1 — acm) _^ ^ K Ka , , 
= —r, -V-V--^T, (27) 

where K = GMm and we have used p = mx + 0{a). Note here that we have retained only terms up to the order a 
in the above Hamiltonian. Here we note that the modification to the kinetic term can be captured by a redefinition 
of the mass as rueff = iJ^mc ■ This should be contrasted with the situation in Moyal case |58l46(j | where the kinetic 
term is not modified at all. 

The above Hamiltonian is invariant rotations generated by Li . This is again in contrast to the result 

in Moyal space-time, where the angular momentum is not a conserved quantity. Here, we also note that replacement 
of m with nief / in Li does not affect the rotational invariance of the system described by above Hamiltonian. 

The Hamilton's equations of motions are 

Ka Xi 

rueffx^ = P^ + ^:^^ (28) 

Kxj ka 3Ka (x ■ p)xi 
P. = 3^-:^ 3^' + ^^ 5 , (29) 

which leads to 

nieffx, = -K- ^ -— (30) 

where V = Thus we see here that the Newton's equation gets modified only through the redefinition of the 

mass. Unlike in the case of Moyal space, there are no additional terms which are analogue to inertial and Coriolis 
forces. 

We re-express the above equation in spherical polar coordinates (rotational invariance allows us to chose 9 — ^) as 

r-r4,'' = (31) 

j^{m,ffr^)^Q. (32) 

Thus we see that the conserved angular momentum is leff = (1 + amc)l = nieffr'^cf)- This now shows why rotations 
generated by Li leaves the system invariant (unlike in the Moyal case) as the K-dependent modification to angular 
momentum is just a scaling of the mass. We also note that, in contrast to the Moyal case, these equations shows that 
there is no shift in the perihelion of the planets due to the K-deformation. 
Integrating the Eqn. ipT]) give 



•2 ;2 

2 2'meffr'^ 



V = E. (33) 



Note that the conserved energy gets a a-dependcnt modification, which can be related to the commutative expression 
by redefinitions of m and / to m^ff and Zg// respectively. Up to first order in a, we get 

E = Eo{l + amc{\-^)). (34) 
Eq 

As expected, this will modify the turning points of the orbit and the modified expressions are 

K [k^ 2^2 
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Using this, we get the semi-major axis of the orbit to be 

K , , amc. , . 

A = -- = A^{\-—). (36) 

In obtaining the last equaUty, we have used the approximation ^ ~ "g^ = 0-5- Thus the modified period and angular 
frequency are given, up to first order in the deformation parameter a as 

r = ro(l-— ), ^^^o(l + — ). (37) 

Thus the K-deformation do affect the orbital parameters, but there is no shift in the perihelion of planets. 

Let us now turn our attention to radial equation. Re- writing Egn.pip by explicitly writing the expression of Tig//, 
we find 

K 1 

f — rij? = (1 — acm)— (38) 

m 

This shows a change in the magnitude of the radial force. This modification depends on the mass of the particle and 
its distance from sun in addition to Kac. 

This shows the particle moving in the central potential will experience an acceleration different from that given 
by the Newton's law of gravitation and its magnitude and direction will depend on the deformation parameter a as 
well as on r. The Pioneer anomaly clearly shows a constant acceleration of 8.5 x 10~^°m/s^ directed towards the 
sun[65,i36,], unaccounted by the Newton's law. For \a\ — 10~^^m(see discussion after Ean. (|42)) ). we find that the force 
experinaced by the test body of mass lO'^kg, when it is near Uranus is 1.21GMc x 10^^°N and when it is near Saturn 
is 5GMc X 10~^^N. Since this change in force is very small, we approximate the additional force due to K-deformation 
to be a constant. Noting that we were working in the units where h = 1, we see that this additional acceleration 
experienced by the satellite of mass lO^kg when it is near Uranus will set the bound on \a\ < 10~'^^m while when 
it is near Mercury, this bound will be \a\ < 10~^^m. This shows a change in the anomalus acceleration by a factor 
of 10"'* as one goes from Uranus to Mercury. We note that to have the acceleration pointed towards sun, a should 
be a negative quantity. This shows that the right hand side of the second commutation relation given in Eqn.([T|), 
should be negative, i.e., [i°,a;*] = —ax* (since one would prefer the length parameter a to be positive. Note that this 
change does not alter any analysis done here). Certainly, this bound is much higher than the Planck length where 
the K-deformation is expected to play a role. Analysing the perihelion shift of Mercury in the Moyal case has set the 
bound for the corresponding noncommutative parameter as 9 < 10~^^m^ |58>-i60i l . 



B. Violation of Equivalence Principle 

It is known that the deformed dispersion relations will lead to the violation of equivalence principle [6^. We have 
seen that the modification to the Newton's equation we have obtained in the previous section can be thought of as 
the corresponding equation in the commutative space with a modified mass. This modification in inertial mass will 
lead to violation of equivalence principle. From Eqn. (|30p and Newton's law of gravitation, we obtain 



M.,,x^-G^, (39) 



where /ie// = raMim + M) "'^(1 + acraM{m + M) ^) ss m(l -I- amc). Thus we find 



i = -G^— ^1-amc 40 
TO 

showing that the deviation in the ratio of gravitational to inertial mass is given by 

<5(^) = -^ (41) 
m h 

where in the last step we introduced h to account for the fact that the calculations were done in the unit where h = I. 
The experimental limits on violation of equivalence principle [68l [69| is one part in 10*"^ and this sets 

amc ,o , , 
— < 10"^^ (42) 

implying a is negative and \a\ < lO^^^m for a body mass IKg. This bound is 10^^ times of that obtained from 
Pioneer anomaly(where we have taken \a\ < 10~'*^m, obtained when the test body is near Uranus). Note that in both 
cases, a has to be negative. 
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IV. CONCLUSION 



We have studied the modification to Newton law of motion due to K-deformation of the underlying space-time. 
Starting from the dispersion relation invariant under K-Poincare transformation, we derived the (non-relativistic) 
Hamiltonian, valid up to first order in the deformation parameter. We have also showed that the modification to ^ 
potential due to k deformation is can be written as a total time derivative. The Hamiltonian describing a particle 
in a central potential do have rotational invariance (which is lost in the case of Moyal noncommutative space-time). 
This rotational invariance is not unexpected since the space coordinates commute among themselves in w-sp ace-time. 
We also note the K-deformation modify the boost sector while leave the rotation sector unchanged [H, [gJ. We also 
notice that the rotation generators defined in Eqn. (j20[ ). with ip — is exactly same as that in the commutative 
space-time. Thus the algebra of these generators are also not modified. This explains why the Hamiltonian in Eqn.(|27p 
has rotational invariance. Using these results, we have obtained the equation of motion for a particle moving in the 
central potential. We have shown that the orbital parameters do get a dependent changes while there is no shift in 
the perihelion. This is in contrast to the results obtained in the Moyal case[58 60J. There are no inertial and/or 
Coriolis terms in the equation of motion unlike in the case of Moyal space. 

We see that the K-deformation modified both kinetic and potential terms of the Hamiltonian in Eqn. (P7)) . While 
the change in kinetic energy term is just a scaling of the coefficient, potential term is modified by the addition of a 
new term. But, up to first order in a, this additional term is a total time derivative^. 

The modified kinetic term in the Hamiltonian lead to the change in the equations of motion whereas that in the 
potential (up to first order in a), do not contribute to any new terms in the equation of motion. 

The Eqn. (|3ip shows an additional force along the radial direction. Pioneer anomaly indicates existence of such a 
force in the solar system. Using the Pioneer data, we find that the sign of the right hand side of the non-vanishing 
commutator in Eqn.(IT|) is negative and the deformation parameter is bounded by an upper value of 10~^^m. We 
have also analysed the violation of equivalence of principle by evaluating the deviation of the ratio between inertial 
and gravitational masses. This also sets the sign of the commuatator in Eqn.(IT]) to be negative and impose a bound, 
\a\ < lO^^^m for a body of mass Igm. 
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